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Abstract
Polar commutative n-complex numbers of the form u = x0+h1x1+h2x2+ · · ·+hn−1xn−1
are introduced in n dimensions, the variables x0, ..., xn−1 being real numbers. The polar
n-complex number can be represented, in an even number of dimensions, by the modulus
d, by the amplitude ρ, by 2 polar angles θ+, θ−, by n/2 − 2 planar angles ψk−1, and by
n/2− 1 azimuthal angles φk. In an odd number of dimensions, the polar n-complex number
can be represented by d, ρ, by 1 polar angle θ+, by (n − 3)/2 planar angles ψk−1, and by
(n − 1)/2 azimuthal angles φk. The exponential function of a polar n-complex number
can be expanded in terms of the polar n-dimensional cosexponential functions gnk(y), k =
0, 1, ..., n− 1. Expressions are given for these cosexponential functions. The polar n-complex
numbers can be written in exponential and trigonometric forms with the aid of the modulus,
amplitude and the angular variables. The polar n-complex functions defined by series of
powers are analytic, and the partial derivatives of the components of the polar n-complex
functions are closely related. The integrals of polar n-complex functions are independent
of path in regions where the functions are regular. The fact that the exponential form of
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a polar n-complex numbers depends on the cyclic variables φk leads to the concept of pole
and residue for integrals on closed paths. The polynomials of polar n-complex variables can
be written as products of linear or quadratic factors, although the factorization may not be
unique.
1 Introduction
A regular, two-dimensional complex number x + iy can be represented geometrically by
the modulus ρ = (x2 + y2)1/2 and by the polar angle θ = arctan(y/x). The modulus ρ is
multiplicative and the polar angle θ is additive upon the multiplication of ordinary complex
numbers.
The quaternions of Hamilton are a system of hypercomplex numbers defined in four
dimensions, the multiplication being a noncommutative operation, [1] and many other hy-
percomplex systems are possible, [2]-[4] but these hypercomplex systems do not have all the
required properties of regular, two-dimensional complex numbers which rendered possible
the development of the theory of functions of a complex variable.
A system of complex numbers in n dimensions is described in this work, for which the
multiplication is both associative and commutative, and which is rich enough in properties
so that an exponential form exists and the concepts of analytic n-complex function, contour
integration and residue can be defined. The n-complex numbers introduced in this work
have the form u = x0 + h1x1 + h2x2 + · · · + hn−1xn−1, the variables x0, ..., xn−1 being real
numbers. The multiplication rules for the complex units h1, ..., hn−1 are hjhk = hj+k if
0 ≤ j + k ≤ n− 1, and hjhk = hj+k−n if n ≤ j + k ≤ 2n− 2. The product of two n-complex
numbers is equal to zero if both numbers are equal to zero, or if the numbers belong to
certain n-dimensional hyperplanes described further in this work.
If the n-complex number u = x0 + h1x1 + h2x2 + · · · + hn−1xn−1 is represented by the
point A of coordinates x0, x1, ..., xn−1, the position of the point A can be described, in an
even number of dimensions, by the modulus d = (x20 + x
2
1 + · · · + x2n−1)1/2, by n/2 − 1
azimuthal angles φk, by n/2− 2 planar angles ψk−1, and by 2 polar angles θ+, θ−. In an odd
number of dimensions, the position of the point A is described by d, by (n− 1)/2 azimuthal
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angles φk, by (n − 3)/2 planar angles ψk−1, and by 1 polar angle θ+. An amplitude ρ can
be defined for even n as ρn = v+v−ρ21 · · · ρ2n/2−1, and for odd n as ρn = v+ρ21 · · · ρ2(n−1)/2,
where v+ = x0+ · · ·+ xn−1, v− = x0−x1+ · · ·+xn−2−xn−1, and ρk are radii in orthogonal
two-dimensional planes defined further in this work. The amplitude ρ, the variables v+, v−,
the radii ρk, the variables (1/
√
2) tan θ+, (1/
√
2) tan θ−, tanψk−1 are multiplicative, and the
azimuthal angles φk are additive upon the multiplication of n-complex numbers. Because of
the role of the axis v+ and, in an even number of dimensions, of the axis v−, in the description
of the position of the point A with the aid of the polar angle θ+ and, in an even number
of dimensions, of the polar angle θ−, the hypercomplex numbers studied in this work will
be called polar n-complex number, to distinguish them from the planar n-complex numbers,
which exist in an even number of dimensions. [5]
The exponential function of an n-complex number can be expanded in terms of the polar
n-dimensional cosexponential functions gnk(y) =
∑∞
p=0 y
k+pn/(k + pn)!, k = 0, 1, ..., n −
1. It is shown that gnk(y) =
1
n
∑n−1
l=0 exp {y cos (2πl/n)}cos {y sin (2πl/n)− 2πkl/n}, k =
0, 1, ..., n−1. Addition theorems and other relations are obtained for the polar n-dimensional
cosexponential functions.
The exponential form of an n-complex number, which in an even number of dimen-
sions n can be defined for x0 + · · · + xn−1 > 0, x0 − x1 + · · · + xn−2 − xn−1 > 0, is u =
ρ exp
{∑n−1
p=1 hp
[
(1/n) ln
√
2/ tan θ+ + ((−1)p/n) ln
√
2/ tan θ− − (2/n)
∑n/2−1
k=2 cos (2πkp/n) ln tanψk−1
]}
exp
(∑n/2−1
k=1 e˜kφk
)
, where e˜k = (2/n)
∑n−1
p=1 hp sin(2πpk/n). In an odd number of dimensions
n, the exponential form exists for x0 + · · ·+ xn−1 > 0, and is
u = ρ exp
{∑n−1
p=1 hp
[
(1/n) ln
√
2/ tan θ+ − (2/n)
∑(n−1)/2
k=2 cos (2πkp/n) ln tanψk−1
]}
exp
(∑(n−1)/2
k=1 e˜kφk
)
.
A trigonometric form also exists for an n-complex number u, when u is written as the product
of the modulus d, of a factor depending on the polar and planar angles θ+, θ−, ψk−1 and of
an exponential factor depending on the azimuthal angles φk.
Expressions are given for the elementary functions of n-complex variable. The functions
f(u) of n-complex variable which are defined by power series have derivatives independent of
the direction of approach to the point under consideration. If the n-complex function f(u)
of the n-complex variable u is written in terms of the real functions Pk(x0, ..., xn−1), k =
0, ..., n−1, then relations of equality exist between partial derivatives of the functions Pk. The
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integral
∫B
A f(u)du of an n-complex function between two points A,B is independent of the
path connecting A,B, in regions where f is regular. If f(u) is an analytic n-complex function,
then
∮
Γ f(u)du/(u − u0) = 2πf(u0)
∑[(n−1)/2]
k=1 e˜k int(u0ξkηk ,Γξkηk), where the functional
int takes the values 0 or 1 depending on the relation between u0ξkηk and Γξkηk , which are
respectively the projections of the point u0 and of the loop Γ on the plane defined by the
orthogonal axes ξk and ηk, as expained further in this work.
A polynomial um + a1u
m−1 + · · ·+ am−1u+ am can be written as a product of linear or
quadratic factors, although the factorization may not be unique.
This paper belongs to a series of studies on commutative complex numbers in n dimen-
sions. [6] A detailed analysis of the cases for n = 2, 3, 4, 5, 6 of the polar n-complex numbers
can be found in the corresponding studies mentioned in Ref. [6].
2 Operations with polar n-complex numbers
A complex number in n dimensions is determined by its n components (x0, x1, ..., xn−1). The
polar n-complex numbers and their operations discussed in this work can be represented by
writing the n-complex number (x0, x1, ..., xn−1) as u = x0 + h1x1 + h2x2 + · · · + hn−1xn−1,
where h1, h2, · · · , hn−1 are bases for which the multiplication rules are
hjhk = hl, l = j + k − n[(j + k)/n], (1)
for j, k, l = 0, 1, ..., n − 1. In Eq. (1), [(j + k)/n] denotes the integer part of (j + k)/n, the
integer part being defined as [a] ≤ a < [a] + 1, so that 0 ≤ j + k − n[(j + k)/n] ≤ n − 1. In
this work, brackets larger than the regular brackets [ ] do not have the meaning of integer
part. The significance of the composition laws in Eq. (1) can be understood by representing
the bases hj , hk by points on a circle at the angles αj = 2πj/n, αk = 2πk/n, as shown
in Fig. 1, and the product hjhk by the point of the circle at the angle 2π(j + k)/n. If
2π ≤ 2π(j + k)/n < 4π, the point represents the basis hl of angle αl = 2π(j + k − n)/n.
Two n-complex numbers u = x0+h1x1+h2x2+ · · ·+hn−1xn−1, u′ = x′0+h1x′1+h2x′2+
· · ·+ hn−1x′n−1 are equal if and only if xi = x′i, i = 0, 1, ..., n − 1. The sum of the n-complex
numbers u and u′ is
u+ u′ = x0 + x
′
0 + h1(x1 + x
′
1) + · · · + hn−1(xn−1 + x′n−1). (2)
4
The product of the numbers u, u′ is
uu′ = x0x′0 + x1x
′
n−1 + x2x
′
n−2 + x3x
′
n−3 + · · ·+ xn−1x′1
+h1(x0x
′
1 + x1x
′
0 + x2x
′
n−1 + x3x
′
n−2 + · · · + xn−1x′2)
+h2(x0x
′
2 + x1x
′
1 + x2x
′
0 + x3x
′
n−1 + · · ·+ xn−1x′3)
...
+hn−1(x0x′n−1 + x1x
′
n−2 + x2x
′
n−3 + x3x
′
n−4 + · · ·+ xn−1x′0).
(3)
The product uu′ can be written as
uu′ =
n−1∑
k=0
hk
n−1∑
l=0
xlx
′
k−l+n[(n−k−1+l)/n]. (4)
If u, u′, u′′ are n-complex numbers, the multiplication is associative
(uu′)u′′ = u(u′u′′) (5)
and commutative
uu′ = u′u, (6)
because the product of the bases, defined in Eq. (1), is associative and commutative. The
fact that the multiplication is commutative can be seen also directly from Eq. (3). The
n-complex zero is 0 + h1 · 0 + · · · + hn−1 · 0, denoted simply 0, and the n-complex unity is
1 + h1 · 0 + · · ·+ hn−1 · 0, denoted simply 1.
The inverse of the n-complex number u = x0 + h1x1 + h2x2 + · · · + hn−1xn−1 is the
n-complex number u′ = x′0 + h1x
′
1 + h2x
′
2 + · · ·+ hn−1x′n−1 having the property that
uu′ = 1. (7)
Written on components, the condition, Eq. (7), is
x0x
′
0 + x1x
′
n−1 + x2x
′
n−2 + x3x
′
n−3 + · · ·+ xn−1x′1 = 1,
x0x
′
1 + x1x
′
0 + x2x
′
n−1 + x3x
′
n−2 + · · ·+ xn−1x′2 = 0,
x0x
′
2 + x1x
′
1 + x2x
′
0 + x3x
′
n−1 + · · ·+ xn−1x′3 = 0,
...
x0x
′
n−1 + x1x
′
n−2 + x2x
′
n−3 + x3x
′
n−4 + · · ·+ xn−1x′0 = 0.
(8)
The system (8) has a solution provided that the determinant of the system,
ν = det(A), (9)
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is not equal to zero, ν 6= 0, where
A =


x0 xn−1 xn−2 · · · x1
x1 x0 xn−1 · · · x2
x2 x1 x0 · · · x3
...
...
... · · · ...
xn−1 xn−2 xn−3 · · · x0


. (10)
If ν > 0, the quantity
ρ = ν1/n (11)
will be called amplitude of the n-complex number u = x0 + h1x1 + h2x2 + · · · + hn−1xn−1.
The quantity ν can be written as a product of linear factors
ν =
n−1∏
k=0
(
x0 + ǫkx1 + ǫ
2
kx2 + · · · + ǫn−1k xn−1
)
, (12)
where ǫk = e
2piik/n, i being the imaginary unit. The factors appearing in Eq. (12) are of the
form
x0 + ǫkx1 + ǫ
2
kx2 + · · ·+ ǫn−1k xn−1 = vk + iv˜k, (13)
where
vk =
n−1∑
p=0
xp cos
2πkp
n
, (14)
v˜k =
n−1∑
p=0
xp sin
2πkp
n
, (15)
for k = 1, 2, ..., n − 1 and, if n is even, k 6= n/2. For k = 0 the factor in Eq. (13) is
v+ = x0 + x1 + · · · + xn−1, (16)
and if n is even, for k = n/2 the factor in Eq. (13) is
v− = x0 − x1 + · · · + xn−2 − xn−1. (17)
It can be seen that vk = vn−k, v˜k = −v˜n−k, k = 1, ..., [(n−1)/2]. The variables v+, v−, vk, v˜k, k =
1, ..., [(n−1)/2] will be called canonical polar n-complex variables. Therefore, the factors ap-
pear in Eq. (12) in complex-conjugate pairs of the form vk+ iv˜k and vn−k+ iv˜n−k = vk− iv˜k,
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where k = 1, ..., [(n − 1)/2], so that the product ν is a real quantity. If n is an even number,
the quantity ν is
ν = v+v−
n/2−1∏
k=1
(v2k + v˜
2
k), (18)
and if n is an odd number, ν is
ν = v+
(n−1)/2∏
k=0
(v2k + v˜
2
k). (19)
Thus, in an even number of dimensions n, an n-complex number has an inverse unless it lies
on one of the nodal hypersurfaces x0+x1+· · ·+xn−1 = 0, or x0−x1+· · ·+xn−2−xn−1 = 0, or
v1 = 0, v˜1 = 0, ..., or vn/2−1 = 0, v˜n/2−1 = 0. In an odd number of dimensions n, an n-complex
number has an inverse unless it lies on one of the nodal hypersurfaces x0+x1+· · ·+xn−1 = 0,
or v1 = 0, v˜1 = 0, ..., or v(n−1)/2 = 0, v˜(n−1)/2 = 0.
3 Geometric representation of polar n-complex num-
bers
The n-complex number x0 + h1x1 + h2x2 + · · · + hn−1xn−1 can be represented by the point
A of coordinates (x0, x1, ..., xn−1). If O is the origin of the n-dimensional space, the distance
from the origin O to the point A of coordinates (x0, x1, ..., xn−1) has the expression
d2 = x20 + x
2
1 + · · ·+ x2n−1. (20)
The quantity d will be called modulus of the n-complex number u = x0+h1x1+h2x2+ · · ·+
hn−1xn−1. The modulus of an n-complex number u will be designated by d = |u|.
The exponential and trigonometric forms of the n-complex number u can be obtained
conveniently in a rotated system of axes defined by a transformation which, for even n, has
7
the form

ξ+
ξ−
...
ξk
ηk
...


=


1√
n
1√
n
· · · 1√
n
1√
n
1√
n
− 1√
n
· · · 1√
n
− 1√
n
...
...
...
...√
2
n
√
2
n cos
2pik
n · · ·
√
2
n cos
2pi(n−2)k
n
√
2
n cos
2pi(n−1)k
n
0
√
2
n sin
2pik
n · · ·
√
2
n sin
2pi(n−2)k
n
√
2
n sin
2pi(n−1)k
n
...
...
...
...




x0
x1
...
...
...
xn−1


, (21)
where k = 1, 2, ..., n/2 − 1. For odd n the rotation of the axes is described by the relations

ξ+
ξ1
η1
...
ξk
ηk
...


=


1√
n
1√
n
· · · 1√
n√
2
n
√
2
n cos
2pi
n · · ·
√
2
n cos
2pi(n−1)
n
0
√
2
n sin
2pi
n · · ·
√
2
n sin
2pi(n−1)
n
...
...
...√
2
n
√
2
n cos
2pik
n · · ·
√
2
n cos
2pi(n−1)k
n
0
√
2
n sin
2pik
n · · ·
√
2
n sin
2pi(n−1)k
n
...
...
...




x0
x1
x2
...
...
...
xn−1


, (22)
where k = 0, 1, ..., (n−1)/2. The lines of the matrices in Eqs. (21) or (22) give the components
of the n basis vectors of the new system of axes. These vectors have unit length and are
orthogonal to each other. By comparing Eqs. (14)-(17) and (21)-(22) it can be seen that
v+ =
√
nξ+, v− =
√
nξ−, vk =
√
n
2
ξk, v˜k =
√
n
2
ηk, (23)
i.e. the two sets of variables differ only by scale factors.
The sum of the squares of the variables vk, v˜k is, for even n,
n/2−1∑
k=1
(v2k+v˜
2
k) =
n− 2
2
(x20+· · ·+x2n−1)−2(x0x2+· · ·+xn−4xn−2+x1x3+· · ·+xn−3xn−1), (24)
and for odd n the sum is
(n−1)/2∑
k=1
(v2k + v˜
2
k) =
n− 1
2
(x20 + · · ·+ x2n−1)− (x0x1 + · · ·+ xn−2xn−1). (25)
The relation (24) has been obtained with the aid of the identity, valid for even n,
n/2−1∑
k=1
cos
2πpk
n
=


−1, for even p,
0, for odd p.
(26)
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The relation (25) has been obtained with the aid of the identity, valid for odd values of n,
(n−1)/2∑
k=1
cos
2πpk
n
= −1
2
. (27)
From Eq. (24) it results that, for even n,
d2 =
1
n
v2+ +
1
n
v2− +
2
n
n/2−1∑
k=1
ρ2k, (28)
and from Eq. (25) it results that, for odd n,
d2 =
1
n
v2+ +
2
n
(n−1)/2∑
k=1
ρ2k. (29)
The relations (28) and (29) show that the square of the distance d, Eq. (20), is the sum of
the squares of the projections v+/
√
n, ρk
√
2/n and, for even n, of the square of v−/
√
n. This
is consistent with the fact that the transformation in Eqs. (21) or (22) is unitary.
The position of the point A of coordinates (x0, x1, ..., xn−1) can be also described with
the aid of the distance d, Eq. (20), and of n− 1 angles defined further. Thus, in the plane of
the axes vk, v˜k, the radius ρk and the azimuthal angle φk can be introduced by the relations
ρ2k = v
2
k + v˜
2
k, cosφk = vk/ρk, sinφk = v˜k/ρk, 0 ≤ φk < 2π, (30)
so that there are [(n− 1)/2] azimuthal angles. If the projection of the point A on the plane
of the axes vk, v˜k is Ak, and the projection of the point A on the 4-dimensional space defined
by the axes v1, v˜1, vk, v˜k is A1k, the angle ψk−1 between the line OA1k and the 2-dimensional
plane defined by the axes vk, v˜k is
tanψk−1 = ρ1/ρk, (31)
where 0 ≤ ψk ≤ π/2, k = 2, ..., [(n − 1)/2], so that there are [(n − 3)/2] planar angles.
Moreover, there is a polar angle θ+, which can be defined as the angle between the line
OA1+ and the axis v+, where A1+ is the projection of the point A on the 3-dimensional
space generated by the axes v1, v˜1, v+,
tan θ+ =
√
2ρ1
v+
, (32)
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where 0 ≤ θ+ ≤ π , and in an even number of dimensions n there is also a polar angle θ−,
which can be defined as the angle between the line OA1− and the axis v−, where A1− is the
projection of the point A on the 3-dimensional space generated by the axes v1, v˜1, v−,
tan θ− =
√
2ρ1
v−
, (33)
where 0 ≤ θ− ≤ π . In Eqs. (32) and (33), the factor
√
2 appears from the ratio of the
normalization factors in Eq. (23). Thus, the position of the point A is described, in an even
number of dimensions, by the distance d, by n/2 − 1 azimuthal angles, by n/2 − 2 planar
angles, and by 2 polar angles. In an odd number of dimensions, the position of the point A
is described by (n− 1)/2 azimuthal angles, by (n− 3)/2 planar angles, and by 1 polar angle.
These angles are shown in Fig. 2.
The variables ρk can be expressed in terms of d and the planar angles ψk as
ρk =
ρ1
tanψk−1
, (34)
for k = 2, ..., [(n − 1)/2], where, for even n,
ρ21 =
nd2
2
(
1
tan2 θ+
+
1
tan2 θ−
+ 1 +
1
tan2 ψ1
+
1
tan2 ψ2
+ · · ·+ 1
tan2 ψn/2−2
)−1
, (35)
and for odd n
ρ21 =
nd2
2
(
1
tan2 θ+
+ 1 +
1
tan2 ψ1
+
1
tan2 ψ2
+ · · ·+ 1
tan2 ψ(n−3)/2
)−1
. (36)
If u′ = x′0+h1x
′
1+h2x
′
2+ · · ·+ hn−1x′n−1, u′′ = x′′0 + h1x′′1 +h2x′′2 + · · ·+hn−1x′′n−1 are n-
complex numbers of parameters v′+, v
′
−, ρ
′
k, θ
′
+, θ
′
−, ψ
′
k, φ
′
k and respectively v
′′
+, v
′′
−, ρ
′′
k, θ
′′
+, θ
′
−, ψ
′′
k , φ
′′
k,
then the parameters v+, v−, ρk, θ+, θ−, ψk, φk of the product n-complex number u = u′u′′ are
given by
v+ = v
′
+v
′′
+, (37)
ρk = ρ
′
kρ
′′
k, (38)
for k = 1, ..., [(n − 1)/2],
tan θ+ =
1√
2
tan θ′+ tan θ
′′
+, (39)
tanψk = tanψ
′
k tanψ
′′
k , (40)
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for k = 1, ..., [(n − 3)/2],
φk = φ
′
k + φ
′′
k, (41)
for k = 1, ..., [(n − 1)/2], and, if n is even,
v− = v
′
−v
′′
−, (42)
tan θ− =
1√
2
tan θ′− tan θ
′′
−. (43)
The Eqs. (37) and (42) can be checked directly, and Eqs. (38)-(41) and (43) are a consequence
of the relations
vk = v
′
kv
′′
k − v˜′kv˜′′k , v˜k = v′kv˜′′k + v˜′kv′′k , (44)
and of the corresponding relations of definition. Then the product ν in Eqs. (18) and (19)
has the property that
ν = ν ′ν ′′ (45)
and, if ν ′ > 0, ν ′′ > 0, the amplitude ρ defined in Eq. (11) has the property that
ρ = ρ′ρ′′. (46)
The fact that the amplitude of the product is equal to the product of the amplitudes, as
written in Eq. (46), can be demonstrated also by using a representation of the n-complex
numbers by matrices, in which the n-complex number u = x0+h1x1+h2x2+ · · ·+hn−1xn−1
is represented by the matrix
U =


x0 x1 x2 · · · xn−1
xn−1 x0 x1 · · · xn−2
xn−2 xn−1 x0 · · · xn−3
...
...
... · · · ...
x1 x2 x3 · · · x0


. (47)
The product u = u′u′′ is represented by the matrix multiplication U = U ′U ′′. The relation
(45) is then a consequence of the fact the determinant of the product of matrices is equal to
the product of the determinants of the factor matrices. The use of the representation of the
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n-complex numbers with matrices provides an alternative demonstration of the fact that the
product of n-complex numbers is associative, as stated in Eq. (5).
According to Eqs. (37, (38), (42), (28) and (29), the modulus of the product uu′ is, for
even n,
|uu′|2 = 1
n
(v+v
′
+)
2 +
1
n
(v−v
′
−)
2 +
2
n
n/2−1∑
k=1
(ρkρ
′
k)
2, (48)
and for odd n
|uu′|2 = 1
n
(v+v
′
+)
2 +
2
n
(n−1)/2∑
k=1
(ρkρ
′
k)
2. (49)
Thus, if the product of two n-complex numbers is zero, uu′ = 0, then v+v′+ = 0, ρkρ
′
k =
0, k = 1, ..., [(n − 1)/2] and, if n is even, v−v′− = 0. This means that either u = 0, or u′ = 0,
or u, u′ belong to orthogonal hypersurfaces in such a way that the afore-mentioned products
of components should be equal to zero.
4 The polar n-dimensional cosexponential functions
The exponential function of the n-complex variable u can be defined by the series
expu = 1 + u+ u2/2! + u3/3! + · · · . (50)
It can be checked by direct multiplication of the series that
exp(u+ u′) = exp u · expu′. (51)
If u = x0 + h1x1 + h2x2 + · · · + hn−1xn−1, then expu can be calculated as expu = expx0 ·
exp(h1x1) · · · exp(hn−1xn−1).
It can be seen with the aid of the representation in Fig. 1 that
hn+pk = h
p
k, p integer, (52)
for k = 1, ..., n − 1. Then ehky can be written as
ehky =
n−1∑
p=0
hkp−n[kp/n]gnp(y), (53)
12
where the expression of the functions gnk, which will be called polar cosexponential functions
in n dimensions, is
gnk(y) =
∞∑
p=0
yk+pn/(k + pn)!, (54)
for k = 0, 1, ..., n − 1.
If n is even, the polar cosexponential functions of even index k are even functions,
gn,2p(−y) = gn,2p(y), p = 0, 1, ..., n/2 − 1, and the polar cosexponential functions of odd
index are odd functions, gn,2p+1(−y) = −gn,2p+1(y), p = 0, 1, ..., n/2 − 1. For odd values of
n, the polar cosexponential functions do not have a definite parity. It can be checked that
n−1∑
k=0
gnk(y) = e
y (55)
and, for even n,
n−1∑
k=0
(−1)kgnk(y) = e−y. (56)
The expression of the polar n-dimensional cosexponential functions is
gnk(y) =
1
n
n−1∑
l=0
exp
[
y cos
(
2πl
n
)]
cos
[
y sin
(
2πl
n
)
− 2πkl
n
]
, (57)
for k = 0, 1, ..., n−1. In order to check that the function in Eq. (57) has the series expansion
written in Eq. (54), the right-hand side of Eq. (57) will be written as
gnk(y) =
1
n
n−1∑
l=0
Re
{
exp
[(
cos
2πl
n
+ i sin
2πl
n
)
y − i2πkl
n
]}
, (58)
for k = 0, 1, ..., n − 1, where Re(a + ib) = a, with a and b real numbers. The part of the
exponential depending on y can be expanded in a series,
gnk(y) =
1
n
∞∑
p=0
n−1∑
l=0
Re
{
1
p!
exp
[
i
2πl
n
(p− k)
]
yp
}
, (59)
for k = 0, 1, ..., n − 1. The expression of gnk(y) becomes
gnk(y) =
1
n
∞∑
p=0
n−1∑
l=0
{
1
p!
cos
[
2πl
n
(p− k)
]
yp
}
, (60)
for k = 0, 1, ..., n − 1 and, since
1
n
n−1∑
l=0
cos
2πl
n
(p− k) =


1, if p− k is a multiple of n,
0, otherwise,
(61)
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this yields indeed the expansion in Eq. (54).
It can be shown from Eq. (57) that
n−1∑
k=0
g2nk(y) =
1
n
n−1∑
l=0
exp
[
2y cos
(
2πl
n
)]
. (62)
It can be seen that the right-hand side of Eq. (62) does not contain oscillatory terms. If n
is a multiple of 4, it can be shown by replacing y by iy in Eq. (62) that
n−1∑
k=0
(−1)kg2nk(y) =
2
n

1 + cos 2y +
n/4−1∑
l=1
cos
[
2y cos
(
2πl
n
)]
 , (63)
which does not contain exponential terms.
Addition theorems for the polar n-dimensional cosexponential functions can be obtained
from the relation exph1(y + z) = exph1y · exph1z, by substituting the expression of the
exponentials as given in Eq. (53) for k = 1, eh1y = gn0(y) + h1gn1(y) + · · ·+ hn−1gn,n−1(y),
gnk(y + z) = gn0(y)gnk(z) + gn1(y)gn,k−1(z) + · · ·+ gnk(y)gn0(z)
+gn,k+1(y)gn,n−1(z) + gn,k+2(y)gn,n−2(z) + · · ·+ gn,n−1(y)gn,k+1(z), (64)
where k = 0, 1, ..., n − 1. For y = z the relations (64) take the form
gnk(2y) = gn0(y)gnk(y) + gn1(y)gn,k−1(y) + · · ·+ gnk(y)gn0(y)
+gn,k+1(y)gn,n−1(y) + gn,k+2(y)gn,n−2(y) + · · ·+ gn,n−1(y)gn,k+1(y), (65)
where k = 0, 1, ..., n − 1. For y = −z the relations (64) and (54) yield
gn0(y)gn0(−y)+gn1(y)gn,n−1(−y)+gn2(y)gn,n−2(−y)+· · ·+gn,n−1(y)gn1(−y) = 1, (66)
gn0(y)gnk(−y) + gn1(y)gn,k−1(−y) + · · ·+ gnk(y)gn0(−y)
+gn,k+1(y)gn,n−1(−y) + gn,k+2(y)gn,n−2(−y) + · · ·+ gn,n−1(y)gn,k+1(−y) = 0,
(67)
for k = 1, ..., n − 1.
From Eq. (53) it can be shown, for natural numbers l, that

n−1∑
p=0
hkp−n[kp/n]gnp(y)


l
=
n−1∑
p=0
hkp−n[kp/n]gnp(ly), (68)
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where k = 0, 1, ..., n − 1. For k = 1 the relation (68) is
{gn0(y) + h1gn1(y) + · · ·+ hn−1gn,n−1(y)}l = gn0(ly)+h1gn1(ly)+· · ·+hn,n−1gn,n−1(ly).(69)
If
ak =
n−1∑
p=0
gnp(y) cos
(
2πkp
n
)
, (70)
for k = 0, 1, ..., n − 1, and
bk =
n−1∑
p=0
gnp(y) sin
(
2πkp
n
)
, (71)
for k = 1, ..., n − 1, where gnk(y) are the polar cosexponential functions in Eq. (57), it can
be shown that
ak = exp
[
y cos
(
2πk
n
)]
cos
[
y sin
(
2πk
n
)]
, (72)
where k = 0, 1, ..., n − 1,
bk = exp
[
y cos
(
2πk
n
)]
sin
[
y sin
(
2πk
n
)]
, (73)
where k = 1, ..., n − 1. If
G2k = a
2
k + b
2
k, (74)
for k = 1, ..., n − 1, then from Eqs. (72) and (73) it results that
G2k = exp
[
2y cos
(
2πk
n
)]
, (75)
where k = 1, ..., n − 1. If
G+ = gn0 + gn1 + · · ·+ gn,n−1, (76)
from Eq. (70) it results that G+ = a0, so that G+ = e
y, and, in an even number of dimensions
n, if
G− = gn0 − gn1 + · · ·+ gn,n−2 − gn,n−1, (77)
from Eq. (70) it results that G− = an/2, so that Gn/2 = e
−y. Then with the aid of Eq. (26)
applied for p = 1 it can be shown that the polar n-dimensional cosexponential functions have
the property that, for even n,
G+G−
n/2−1∏
k=1
G2k = 1, (78)
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and in an odd number of dimensions, with the aid of Eq. (27) it can be shown that
G+
(n−1)/2∏
k=1
G2k = 1. (79)
The polar n-dimensional cosexponential functions are solutions of the nth-order differen-
tial equation
dnζ
dun
= ζ, (80)
whose solutions are of the form ζ(u) = A0gn0(u)+A1gn1(u)+ · · ·+An−1gn,n−1(u). It can be
checked that the derivatives of the polar cosexponential functions are related by
dgn0
du
= gn,n−1,
dgn1
du
= gn0, ...,
dgn,n−2
du
= gn,n−3,
dgn,n−1
du
= gn,n−2. (81)
5 Exponential and trigonometric forms of polar n-
complex numbers
In order to obtain the exponential and trigonometric forms of n-complex numbers, a canonical
base e+, e−, e1, e˜1, ..., en/2−1, e˜n/2−1 for the polar n-complex numbers will be introduced for
even n by the relations

e+
e−
...
ek
e˜k
...


=


1
n
1
n · · · 1n 1n
1
n − 1n · · · 1n − 1n
...
...
...
...
2
n
2
n cos
2pik
n · · · 2n cos 2pi(n−2)kn 2n cos 2pi(n−1)kn
0 2n sin
2pik
n · · · 2n sin 2pi(n−2)kn 2n sin 2pi(n−1)kn
...
...
...
...




1
h1
...
...
...
hn−1


, (82)
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where k = 1, 2, ..., n/2 − 1. For odd n, the canonical base e+, e1, e˜1, ...e(n−1)/2, e˜(n−1)/2 for
the polar n-complex numbers will be introduced by the relations

e+
e1
e˜1
...
ek
e˜k
...


=


1
n
1
n · · · 1n
2
n
2
n cos
2pi
n · · · 2n cos 2pi(n−1)n
0 2n sin
2pi
n · · · 2n sin 2pi(n−1)n
...
...
...
2
n
2
n cos
2pik
n · · · 2n cos 2pi(n−1)kn
0 2n sin
2pik
n · · · 2n sin 2pi(n−1)kn
...
...
...




1
h1
h2
...
...
...
hn−1


, (83)
where k = 0, 1, ..., (n − 1)/2.
The multiplication relations for the new bases are, for even n,
e2+ = e+, e
2
− = e−, e+e− = 0, e+ek = 0, e+e˜k = 0, e−ek = 0, e−e˜k = 0,
e2k = ek, e˜
2
k = −ek, eke˜k = e˜k, ekel = 0, eke˜l = 0, e˜ke˜l = 0, k 6= l, (84)
where k, l = 1, ..., n/2 − 1. For odd n the multiplication relations are
e2+ = e+, e+ek = 0, e+e˜k = 0,
e2k = ek, e˜
2
k = −ek, eke˜k = e˜k, ekel = 0, eke˜l = 0, e˜ke˜l = 0, k 6= l, (85)
where k, l = 1, ..., (n − 1)/2. The moduli of the new bases are
|e+| = 1√
n
, |e−| = 1√
n
, |ek| =
√
2
n
, |e˜k| =
√
2
n
. (86)
It can be shown that, for even n,
x0 + h1x1 + · · ·+ hn−1xn−1 = e+v+ + e−v− +
n/2−1∑
k=1
(ekvk + e˜kv˜k), (87)
and for odd n
x0 + h1x1 + · · ·+ hn−1xn−1 = e+v+ +
(n−1)/2∑
k=1
(ekvk + e˜kv˜k). (88)
The relations (87),(88) give the canonical form of a polar n-complex number.
Using the properties of the bases in Eqs. (84) and (85) it can be shown that
exp(e˜kφk) = 1− ek + ek cosφk + e˜k sinφk, (89)
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exp(ek ln ρk) = 1− ek + ekρk, (90)
exp(e+ ln v+) = 1− e+ + e+v+ (91)
and, for even n,
exp(e− ln v−) = 1− e− + e−v−. (92)
In Eq. (91), ln v+ exists as a real function provided that v+ = x0 + x1 + · · · + xn−1 > 0,
which means that 0 < θ+ < π/2, and for even n, ln v− exists in Eq. (92) as a real function
provided that v− = x0 − x1 + · · · + xn−2 − xn−1 > 0, which means that 0 < θ− < π/2. By
multiplying the relations (89)-(92) it results, for even n, that
exp

e+ ln v+ + e− ln v− +
n/2−1∑
k=1
(ek ln ρk + e˜kφk)

 = e+v++e−v−+
n/2−1∑
k=1
(ekvk+e˜kv˜k), (93)
where the fact has ben used that
e+ + e− +
n/2−1∑
k=1
ek = 1, (94)
the latter relation being a consequence of Eqs. (82) and (26). Similarly, by multiplying the
relations (89)-(91) it results, for odd n, that
exp

e+ ln v+ +
(n−1)/2∑
k=1
(ek ln ρk + e˜kφk)

 = e+v+ +
(n−1)/2∑
k=1
(ekvk + e˜kv˜k), (95)
where the fact has ben used that
e+ +
(n−1)/2∑
k=1
ek = 1, (96)
the latter relation being a consequence of Eqs. (83) and (27).
By comparing Eqs. (87) and (93), it can be seen that, for even n,
x0 + h1x1 + · · ·+ hn−1xn−1 = exp

e+ ln v+ + e− ln v− +
n/2−1∑
k=1
(ek ln ρk + e˜kφk)

 , (97)
and by comparing Eqs. (88) and (95), it can be seen that, for odd n,
x0 + h1x1 + · · ·+ hn−1xn−1 = exp

e+ ln v+ +
(n−1)/2∑
k=1
(ek ln ρk + e˜kφk)

 . (98)
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Using the expression of the bases in Eqs. (82) and (83) yields, for even values of n, the
exponential form of the n-complex number u = x0 + h1x1 + · · ·+ hn−1xn−1 as
u = ρ exp


n−1∑
p=1
hp
[
1
n
ln
√
2
tan θ+
+
(−1)p
n
ln
√
2
tan θ−
− 2
n
n/2−1∑
k=2
cos
(
2πkp
n
)
ln tanψk−1

+ n/2−1∑
k=1
e˜kφk

 , (99)
where ρ is the amplitude defined in Eq. (11), which for even n has according to Eq. (18) the
expression
ρ =
(
v+v−ρ
2
1 · · · ρ2n/2−1
)1/n
. (100)
For odd values of n, the exponential form of the n-complex number u is
u = ρ exp


n−1∑
p=1
hp
[
1
n
ln
√
2
tan θ+
− 2
n
(n−1)/2∑
k=2
cos
(
2πkp
n
)
ln tanψk−1

+ (n−1)/2∑
k=1
e˜kφk

 ,
(101)
where for odd n, ρ has according to Eq. (19) the expression
ρ =
(
v+ρ
2
1 · · · ρ2(n−1)/2
)1/n
. (102)
It can be checked with the aid of Eq. (89) that the n-complex number u can also be
written, for even n, as
x0 + h1x1 + · · ·+ hn−1xn−1 =

e+v+ + e−v− +
n/2−1∑
k=1
ekρk

 exp

n/2−1∑
k=1
e˜kφk

 , (103)
and for odd n, as
x0 + h1x1 + · · ·+ hn−1xn−1 =

e+v+ +
(n−1)/2∑
k=1
ekρk

 exp

(n−1)/2∑
k=1
e˜kφk

 . (104)
Writing in Eqs. (103) and (104) the radius ρ1, Eqs. (35) and (36), as a factor and expressing
the variables in terms of the polar and planar angles with the aid of Eqs. (31)-(33) yields
the trigonometric form of the n-complex number u, for even n, as
u = d
(
n
2
)1/2 ( 1
tan2 θ+
+
1
tan2 θ−
+ 1 +
1
tan2 ψ1
+
1
tan2 ψ2
+ · · · + 1
tan2 ψn/2−2
)−1/2

 e+√2
tan θ+
+
e−
√
2
tan θ−
+ e1 +
n/2−1∑
k=2
ek
tanψk−1

 exp

n/2−1∑
k=1
e˜kφk

 , (105)
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and for odd n as
u = d
(
n
2
)1/2 ( 1
tan2 θ+
+ 1 +
1
tan2 ψ1
+
1
tan2 ψ2
+ · · ·+ 1
tan2 ψ(n−3)/2
)−1/2

 e+√2
tan θ+
+ e1 +
(n−1)/2∑
k=2
ek
tanψk−1

 exp

(n−1)/2∑
k=1
e˜kφk

 . (106)
In Eqs. (105) and 106), the n-complex number u, written in trigonometric form, is the prod-
uct of the modulus d, of a part depending on the polar and planar angles θ+, θ−, ψ1, ..., ψ[(n−3)/2],
and of a factor depending on the azimuthal angles φ1, ..., φ[(n−1)/2]. Although the modulus
of a product of n-complex numbers is not equal in general to the product of the moduli of
the factors, it can be checked that the modulus of the factor in Eq. (105) is∣∣∣∣∣∣
e+
√
2
tan θ+
+
e−
√
2
tan θ−
+ e1 +
n/2−1∑
k=2
ek
tanψk−1
∣∣∣∣∣∣
=
(
2
n
)1/2 ( 1
tan2 θ+
+
1
tan2 θ−
+ 1 +
1
tan2 ψ1
+
1
tan2 ψ2
+ · · ·+ 1
tan2 ψn/2−2
)1/2
,
(107)
and the modulus of the factor in Eq. (106) is∣∣∣∣∣∣
e+
√
2
tan θ+
+ e1 +
(n−1)/2∑
k=2
ek
tanψk−1
∣∣∣∣∣∣
=
(
2
n
)1/2 ( 1
tan2 θ+
+ 1 +
1
tan2 ψ1
+
1
tan2 ψ2
+ · · ·+ 1
tan2 ψ(n−3)/2
)1/2
. (108)
Moreover, it can be checked that∣∣∣∣∣∣exp

[(n−1)/2]∑
k=1
e˜kφk


∣∣∣∣∣∣ = 1. (109)
The modulus d in Eqs. (105) and (106) can be expressed in terms of the amplitude ρ, for
even n, as
d = ρ
2(n−2)/2n√
n
(
tan θ+ tan θ− tan
2 ψ1 · · · tan2 ψn/2−2
)1/n
(
1
tan2 θ+
+
1
tan2 θ−
+ 1 +
1
tan2 ψ1
+
1
tan2 ψ2
+ · · ·+ 1
tan2 ψn/2−2
)1/2
, (110)
and for odd n as
d = ρ
2(n−1)/2n√
n
(
tan θ+ tan
2 ψ1 · · · tan2 ψ(n−3)/2
)1/n
(
1
tan2 θ+
+ 1 +
1
tan2 ψ1
+
1
tan2 ψ2
+ · · ·+ 1
tan2 ψ(n−3)/2
)1/2
. (111)
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6 Elementary functions of a polar n-complex vari-
able
The logarithm u1 of the n-complex number u, u1 = lnu, can be defined as the solution of
the equation
u = eu1 . (112)
For even n the relation (93) shows that lnu exists as an n-complex function with real com-
ponents if v+ = x0 + x1 + · · · + xn−1 > 0 and v− = x0 − x1 + · · · + xn−2 − xn−1 > 0, which
means that 0 < θ+ < π/2, 0 < θ− < π/2. For odd n the relation (95) shows that lnu exists
as an n-complex function with real components if v+ = x0+x1+ · · ·+xn−1 > 0, which means
that 0 < θ+ < π/2. The expression of the logarithm, obtained from Eqs. (97) and (98), is,
for even n,
lnu = e+ ln v+ + e− ln v− +
n/2−1∑
k=1
(ek ln ρk + e˜kφk), (113)
and for odd n the expression is
lnu = e+ ln v+ +
(n−1)/2∑
k=1
(ek ln ρk + e˜kφk). (114)
An expression of the logarithm depending on the amplitude ρ can be obtained from the
exponential forms in Eqs. (99) and (101), for even n, as
lnu = ln ρ+
n−1∑
p=1
hp
[
1
n
ln
√
2
tan θ+
+
(−1)p
n
ln
√
2
tan θ−
− 2
n
n/2−1∑
k=2
cos
(
2πkp
n
)
ln tanψk−1


+
n/2−1∑
k=1
e˜kφk, (115)
and for odd n as
lnu = ln ρ+
n−1∑
p=1
hp

 1
n
ln
√
2
tan θ+
− 2
n
(n−1)/2∑
k=2
cos
(
2πkp
n
)
ln tanψk−1

+ (n−1)/2∑
k=1
e˜kφk.
(116)
The function lnu is multivalued because of the presence of the terms e˜kφk. It can be
inferred from Eqs. (37)-(43) and (46) that
ln(uu′) = lnu+ lnu′, (117)
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up to integer multiples of 2πe˜k, k = 1, ..., [(n − 1)/2].
The power function um can be defined for real values of m as
um = em lnu. (118)
Using the expression of lnu in Eqs. (113) and (114) yields, for even values of n,
um = e+v
m
+ + e−v
m
− +
n/2−1∑
k=1
ρmk (ek cosmφk + e˜k sinmφk), (119)
and for odd values of n
um = e+v
m
+ +
(n−1)/2∑
k=1
ρmk (ek cosmφk + e˜k sinmφk). (120)
For integer values of m, the relations (119) and (120) are valid for any x0, ..., xn−1. The
power function is multivalued unless m is an integer. For integer m, it can be inferred from
Eq. (117) that
(uu′)m = um u′m. (121)
The trigonometric functions cos u and sinu of an n-complex variable u are defined by the
series
cos u = 1− u2/2! + u4/4! + · · · , (122)
sinu = u− u3/3! + u5/5! + · · · . (123)
It can be checked by series multiplication that the usual addition theorems hold for the
n-complex numbers u, u′,
cos(u+ u′) = cos u cos u′ − sinu sinu′, (124)
sin(u+ u′) = sinu cos u′ + cos u sinu′. (125)
In order to obtain expressions for the trigonometric functions of n-complex variables,
these will be expressed with the aid of the imaginary unit i as
cos u =
1
2
(eiu + e−iu), sinu =
1
2i
(eiu − e−iu). (126)
The imaginary unit i is used for the convenience of notations, and it does not appear in
the final results. The validity of Eq. (126) can be checked by comparing the series for the
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two sides of the relations. Since the expression of the exponential function ehky in terms
of the units 1, h1, ...hn−1 given in Eq. (53) depends on the polar cosexponential functions
gnp(y), the expression of the trigonometric functions will depend on the functions g
(c)
p+(y) =
(1/2)[gnp(iy) + gnp(−iy)] and g(c)p−(y) = (1/2i)[gnp(iy)− gnp(−iy)],
cos(hky) =
n−1∑
p=0
hkp−n[kp/n]g
(c)
p+(y), (127)
sin(hky) =
n−1∑
p=0
hkp−n[kp/n]g
(c)
p−(y), (128)
where
g
(c)
p+(y) =
1
n
n−1∑
l=0
{
cos
[
y cos
(
2πl
n
)]
cosh
[
y sin
(
2πl
n
)]
cos
(
2πlp
n
)
− sin
[
y cos
(
2πl
n
)]
sinh
[
y sin
(
2πl
n
)]
sin
(
2πlp
n
)}
, (129)
g
(c)
p−(y) =
1
n
n−1∑
l=0
{
sin
[
y cos
(
2πl
n
)]
cosh
[
y sin
(
2πl
n
)]
cos
(
2πlp
n
)
+cos
[
y cos
(
2πl
n
)]
sinh
[
y sin
(
2πl
n
)]
sin
(
2πlp
n
)}
. (130)
The hyperbolic functions cosh u and sinhu of the n-complex variable u can be defined by
the series
cosh u = 1 + u2/2! + u4/4! + · · · , (131)
sinhu = u+ u3/3! + u5/5! + · · · . (132)
It can be checked by series multiplication that the usual addition theorems hold for the
n-complex numbers u, u′,
cosh(u+ u′) = coshu cosh u′ + sinhu sinhu′, (133)
sinh(u+ u′) = sinhu cosh u′ + coshu sinhu′. (134)
In order to obtain expressions for the hyperbolic functions of n-complex variables, these will
be expressed as
cosh u =
1
2
(eu + e−u), sinhu =
1
2
(eu − e−u). (135)
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The validity of Eq. (135) can be checked by comparing the series for the two sides of
the relations. Since the expression of the exponential function ehky in terms of the units
1, h1, ...hn−1 given in Eq. (53) depends on the polar cosexponential functions gnp(y), the
expression of the hyperbolic functions will depend on the even part gp+(y) = (1/2)[gnp(y) +
gnp(−y)] and on the odd part gp−(y) = (1/2)[gnp(y)− gnp(−y)] of gnp,
cosh(hky) =
n−1∑
p=0
hkp−n[kp/n]gp+(y), (136)
sinh(hky) =
n−1∑
p=0
hkp−n[kp/n]gp−(y), (137)
where
gp+(y) =
1
n
n−1∑
l=0
{
cosh
[
y cos
(
2πl
n
)]
cos
[
y sin
(
2πl
n
)]
cos
(
2πlp
n
)
+sinh
[
y cos
(
2πl
n
)]
sin
[
y sin
(
2πl
n
)]
sin
(
2πlp
n
)}
, (138)
gp−(y) =
1
n
n−1∑
l=0
{
sinh
[
y cos
(
2πl
n
)]
cos
[
y sin
(
2πl
n
)]
cos
(
2πlp
n
)
+cosh
[
y cos
(
2πl
n
)]
sin
[
y sin
(
2πl
n
)]
sin
(
2πlp
n
)}
. (139)
The exponential, trigonometric and hyperbolic functions can also be expressed with the
aid of the bases introduced in Eqs. (82) and (83). Using the expression of the n-complex
number in Eq. (87), for even n, yields for the exponential of the n-complex variable u
eu = e+e
v+ + e−e
v
− +
n/2−1∑
k=1
evk (ek cos v˜k + e˜k sin v˜k) . (140)
For odd n, the expression of the n-complex variable in Eq. (88) yileds for the exponential
eu = e+e
v+ +
(n−1)/2∑
k=1
evk (ek cos v˜k + e˜k sin v˜k) . (141)
The trigonometric functions can be obtained from Eqs. (140) and (141 with the aid of
Eqs. (126). The trigonometric functions of the n-complex variable u are, for even n,
cos u = e+ cos v+ + e− cos v− +
n/2−1∑
k=1
(ek cos vk cosh v˜k − e˜k sin vk sinh v˜k) , (142)
sinu = e+ sin v+ + e− sin v− +
n/2−1∑
k=1
(ek sin vk cosh v˜k + e˜k cos vk sinh v˜k) , (143)
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and for odd n the trigonometric functions are
cos u = e+ cos v+ +
(n−1)/2∑
k=1
(ek cos vk cosh v˜k − e˜k sin vk sinh v˜k) , (144)
sinu = e+ sin v+ +
(n−1)/2∑
k=1
(ek sin vk cosh v˜k + e˜k cos vk sinh v˜k) . (145)
The hyperbolic functions can be obtained from Eqs. (140) and (141 with the aid of Eqs.
(135). The hyperbolic functions of the n-complex variable u are, for even n,
cosh u = e+ cosh v+ + e− cosh v− +
n/2−1∑
k=1
(ek cosh vk cos v˜k + e˜k sinh vk sin v˜k) , (146)
sinhu = e+ sinh v+ + e− sinh v− +
n/2−1∑
k=1
(ek sinh vk cos v˜k + e˜k cosh vk sin v˜k) , (147)
and for odd n the hyperbolic functions are
cosh u = e+ cosh v+ +
(n−1)/2∑
k=1
(ek cosh vk cos v˜k + e˜k sinh vk sin v˜k) , (148)
sinhu = e+ sinh v+ +
(n−1)/2∑
k=1
(ek sinh vk cos v˜k + e˜k cosh vk sin v˜k) . (149)
7 Power series of polar n-complex numbers
An n-complex series is an infinite sum of the form
a0 + a1 + a2 + · · ·+ an + · · · , (150)
where the coefficients an are n-complex numbers. The convergence of the series (150) can
be defined in terms of the convergence of its n real components. The convergence of a n-
complex series can also be studied using n-complex variables. The main criterion for absolute
convergence remains the comparison theorem, but this requires a number of inequalities which
will be discussed further.
The modulus d = |u| of an n-complex number u has been defined in Eq. (20). Since
|x0| ≤ |u|, |x1| ≤ |u|, ..., |xn−1| ≤ |u|, a property of absolute convergence established via
a comparison theorem based on the modulus of the series (150) will ensure the absolute
convergence of each real component of that series.
25
The modulus of the sum u1 + u2 of the n-complex numbers u1, u2 fulfils the inequality
||u′| − |u′′|| ≤ |u′ + u′′| ≤ |u′|+ |u′′|. (151)
For the product, the relation is
|u′u′′| ≤ √n|u′||u′′|, (152)
as can be shown from Eqs. (28) and (29). The relation (152) replaces the relation of equality
extant between 2-dimensional regular complex numbers. The equality in Eq. (152) takes
place for ρ1ρ
′
1 = 0, ..., ρ[(n−1)/2]ρ
′
[(n−1)/2] = 0 and, for even n, for v+v
′
− = 0, v−v
′
+ = 0.
From Eq. (152) it results, for u = u′, that
|u2| ≤ √n|u|2. (153)
The relation in Eq. (153) becomes an equality for ρ1 = 0, ..., ρ[(n−1)/2] = 0 and, for even n,
v+ = 0 or v− = 0. The inequality in Eq. (152) implies that
|ul| ≤ n(l−1)/2|u|l, (154)
where l is a natural number. From Eqs. (152) and (154) it results that
|aul| ≤ nl/2|a||u|l. (155)
A power series of the n-complex variable u is a series of the form
a0 + a1u+ a2u
2 + · · · + alul + · · · . (156)
Since ∣∣∣∣∣
∞∑
l=0
alu
l
∣∣∣∣∣ ≤
∞∑
l=0
nl/2|al||u|l, (157)
a sufficient condition for the absolute convergence of this series is that
lim
l→∞
√
n|al+1||u|
|al|
< 1. (158)
Thus the series is absolutely convergent for
|u| < c, (159)
where
c = lim
l→∞
|al|√
n|al+1| . (160)
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The convergence of the series (156) can be also studied with the aid of the formulas (119),
(120) which for integer values of m are valid for any values of x0, ..., xn−1, as mentioned
previously. If al =
∑n−1
p=0 hpalp, and
Al+ =
n−1∑
p=0
alp, (161)
Alk =
n−1∑
p=0
alp cos
2πkp
n
, (162)
A˜lk =
n−1∑
p=0
alp sin
2πkp
n
, (163)
for k = 1, ..., [(n − 1)/2], and for even n
Al− =
n−1∑
p=0
(−1)palp, (164)
the series (156) can be written, for even n, as
∞∑
l=0

e+Al+vl+ + e−Al−vl− +
n/2−1∑
k=1
(ekAlk + e˜kA˜lk)(ekvk + e˜kv˜k)
l

 , (165)
and for odd n as
∞∑
l=0

e+Al+vl+ +
(n−1)/2∑
k=1
(ekAlk + e˜kA˜lk)(ekvk + e˜kv˜k)
l

 . (166)
The series in Eq. (156) is absolutely convergent for
|v+| < c+, |v−| < c−, ρk < ck, (167)
for k = 1, ..., [(n − 1)/2], where
c+ = lim
l→∞
|Al+|
|Al+1,+| , c− = liml→∞
|Al−|
|Al+1,−| , ck = liml→∞
(
A2lk + A˜
2
lk
)1/2
(
A2l+1,k + A˜
2
l+1,k
)1/2 . (168)
The relations (167) show that the region of convergence of the series (156) is an n-dimensional
cylinder.
It can be shown that, for even n, c = (1/
√
n) min(c+, c−, c1, ..., cn/2−1), and for odd n
c = (1/
√
n) min(c+, c1, ..., c(n−1)/2), where min designates the smallest of the numbers in
the argument of this function. Using the expression of |u| in Eqs. (28) or (29), it can be
seen that the spherical region of convergence defined in Eqs. (159), (160) is a subset of the
cylindrical region of convergence defined in Eqs. (167) and (168).
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8 Analytic functions of polar n-complex variables
The derivative of a function f(u) of the n-complex variables u is defined as a function f ′(u)
having the property that
|f(u)− f(u0)− f ′(u0)(u− u0)| → 0 as |u− u0| → 0. (169)
If the difference u−u0 is not parallel to one of the nodal hypersurfaces, the definition in Eq.
(169) can also be written as
f ′(u0) = lim
u→u0
f(u)− f(u0)
u− u0 . (170)
The derivative of the function f(u) = um, with m an integer, is f ′(u) = mum−1, as can be
seen by developing um = [u0 + (u− u0)]m as
um =
m∑
p=0
m!
p!(m− p)!u
m−p
0 (u− u0)p, (171)
and using the definition (169).
If the function f ′(u) defined in Eq. (169) is independent of the direction in space along
which u is approaching u0, the function f(u) is said to be analytic, analogously to the case
of functions of regular complex variables. [7] The function um, with m an integer, of the
n-complex variable u is analytic, because the difference um − um0 is always proportional to
u−u0, as can be seen from Eq. (171). Then series of integer powers of u will also be analytic
functions of the n-complex variable u, and this result holds in fact for any commutative
algebra.
If an analytic function is defined by a series around a certain point, for example u = 0,
as
f(u) =
∞∑
k=0
aku
k, (172)
an expansion of f(u) around a different point u0,
f(u) =
∞∑
k=0
ck(u− u0)k, (173)
can be obtained by substituting in Eq. (172) the expression of uk according to Eq. (171).
Assuming that the series are absolutely convergent so that the order of the terms can be
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modified and ordering the terms in the resulting expression according to the increasing powers
of u− u0 yields
f(u) =
∞∑
k,l=0
(k + l)!
k!l!
ak+lu
l
0(u− u0)k. (174)
Since the derivative of order k at u = u0 of the function f(u) , Eq. (172), is
f (k)(u0) =
∞∑
l=0
(k + l)!
l!
ak+lu
l
0, (175)
the expansion of f(u) around u = u0, Eq. (174), becomes
f(u) =
∞∑
k=0
1
k!
f (k)(u0)(u− u0)k, (176)
which has the same form as the series expansion of 2-dimensional complex functions. The
relation (176) shows that the coefficients in the series expansion, Eq. (173), are
ck =
1
k!
f (k)(u0). (177)
The rules for obtaining the derivatives and the integrals of the basic functions can be ob-
tained from the series of definitions and, as long as these series expansions have the same form
as the corresponding series for the 2-dimensional complex functions, the rules of derivation
and integration remain unchanged.
If the n-complex function f(u) of the n-complex variable u is written in terms of the real
functions Pk(x0, ..., xn−1), k = 0, 1, ..., n − 1 of the real variables x0, x1, ..., xn−1 as
f(u) =
n−1∑
k=0
hkPk(x0, ..., xn−1), (178)
then relations of equality exist between the partial derivatives of the functions Pk. The
derivative of the function f can be written as
lim
∆u→0
1
∆u
n−1∑
k=0
(
hk
n−1∑
l=0
∂Pk
∂xl
∆xl
)
, (179)
where
∆u =
n−1∑
k=0
hl∆xl. (180)
The relations between the partials derivatives of the functions Pk are obtained by setting
successively in Eq. (179) ∆u = hl∆xl, for l = 0, 1, ..., n − 1, and equating the resulting
expressions. The relations are
∂Pk
∂x0
=
∂Pk+1
∂x1
= · · · = ∂Pn−1
∂xn−k−1
=
∂P0
∂xn−k
= · · · = ∂Pk−1
∂xn−1
, (181)
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for k = 0, 1, ..., n−1. The relations (181) are analogous to the Riemann relations for the real
and imaginary components of a complex function. It can be shown from Eqs. (181) that the
components Pk fulfil the second-order equations
∂2Pk
∂x0∂xl
=
∂2Pk
∂x1∂xl−1
= · · · = ∂
2Pk
∂x[l/2]∂xl−[l/2]
=
∂2Pk
∂xl+1∂xn−1
=
∂2Pk
∂xl+2∂xn−2
= · · · = ∂
2Pk
∂xl+1+[(n−l−2)/2]∂xn−1−[(n−l−2)/2]
, (182)
for k, l = 0, 1, ..., n − 1.
9 Integrals of polar n-complex functions
The singularities of n-complex functions arise from terms of the form 1/(u−u0)n, with n > 0.
Functions containing such terms are singular not only at u = u0, but also at all points of the
hypersurfaces passing through the pole u0 and which are parallel to the nodal hypersurfaces.
The integral of an n-complex function between two points A,B along a path situated
in a region free of singularities is independent of path, which means that the integral of an
analytic function along a loop situated in a region free of singularities is zero,
∮
Γ
f(u)du = 0, (183)
where it is supposed that a surface Σ spanning the closed loop Γ is not intersected by any of
the hypersurfaces associated with the singularities of the function f(u). Using the expression,
Eq. (178), for f(u) and the fact that
du =
n−1∑
k=0
hkdxk, (184)
the explicit form of the integral in Eq. (183) is
∮
Γ
f(u)du =
∮
Γ
n−1∑
k=0
hk
n−1∑
l=0
Pldxk−l+n[(n−k−1+l)/n]. (185)
If the functions Pk are regular on a surface Σ spanning the loop Γ, the integral along
the loop Γ can be transformed in an integral over the surface Σ of terms of the form
∂Pl/∂xk−m+n[(n−k+m−1)/n] − ∂Pm/∂xk−l+n[(n−k+l−1)/n]. These terms are equal to zero by
Eqs. (181), and this proves Eq. (183).
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The integral of the function (u−u0)m on a closed loop Γ is equal to zero for m a positive
or negative integer not equal to -1,
∮
Γ
(u− u0)mdu = 0, m integer, m 6= −1. (186)
This is due to the fact that
∫
(u − u0)mdu = (u− u0)m+1/(m+ 1), and to the fact that the
function (u− u0)m+1 is singlevalued for m an integer.
The integral
∮
Γ du/(u− u0) can be calculated using the exponential form, Eqs. (99) and
(101), for the difference u− u0, which for even n is
u− u0 = ρ exp


n−1∑
p=1
hp
[
1
n
ln
√
2
tan θ+
+
(−1)p
n
ln
√
2
tan θ−
− 2
n
n/2−1∑
k=2
cos
(
2πkp
n
)
ln tanψk−1

+ n/2−1∑
k=1
e˜kφk

 , (187)
and for odd n is
u− u0 = ρ exp


n−1∑
p=1
hp
[
1
n
ln
√
2
tan θ+
− 2
n
(n−1)/2∑
k=2
cos
(
2πkp
n
)
ln tanψk−1

+ (n−1)/2∑
k=1
e˜kφk

 .
(188)
Thus for even n the quantity du/(u− u0) is
du
u− u0 =
dρ
ρ
+
n−1∑
p=1
hp
[
1
n
d ln
√
2
tan θ+
+
(−1)p
n
d ln
√
2
tan θ−
− 2
n
n/2−1∑
k=2
cos
(
2πkp
n
)
d ln tanψk−1

+ n/2−1∑
k=1
e˜kdφk, (189)
and for odd n
du
u− u0 =
dρ
ρ
+
n−1∑
p=1
hp
[
1
n
d ln
√
2
tan θ+
− 2
n
(n−1)/2∑
k=2
cos
(
2πkp
n
)
d ln tanψk−1

+ (n−1)/2∑
k=1
e˜kdφk.
(190)
Since ρ, ln(
√
2/ tan θ+), ln(
√
2/ tan θ−), ln(tanψk−1) are singlevalued variables, it follows that∮
Γ dρ/ρ = 0,
∮
Γ d(ln
√
2/ tan θ+) = 0,
∮
Γ d(ln
√
2/ tan θ−) = 0,
∮
Γ d(ln tanψk−1) = 0. On the
other hand since, φk are cyclic variables, they may give contributions to the integral around
the closed loop Γ.
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The expression of
∮
Γ du/(u − u0) can be written with the aid of a functional which will
be called int(M,C), defined for a point M and a closed curve C in a two-dimensional plane,
such that
int(M,C) =


1 if M is an interior point of C,
0 if M is exterior to C.
(191)
With this notation the result of the integration on a closed path Γ can be written as
∮
Γ
du
u− u0 =
[(n−1)/2]∑
k=1
2πe˜k int(u0ξkηk ,Γξkηk), (192)
where u0ξkηk and Γξkηk are respectively the projections of the point u0 and of the loop Γ on
the plane defined by the axes ξk and ηk, as shown in Fig. 3.
If f(u) is an analytic n-complex function which can be expanded in a series as written in
Eq. (173), and the expansion holds on the curve Γ and on a surface spanning Γ, then from
Eqs. (186) and (192) it follows that
∮
Γ
f(u)du
u− u0 = 2πf(u0)
[(n−1)/2]∑
k=1
e˜k int(u0ξkηk ,Γξkηk). (193)
Substituting in the right-hand side of Eq. (193) the expression of f(u) in terms of the
real components Pk, Eq. (178), yields
∮
Γ
f(u)du
u− u0 =
2
n
[(n−1)/2]∑
k=1
n−1∑
l,m=0
hl sin
[
2π(l −m)k
n
]
Pm(u0) int(u0ξkηk ,Γξkηk). (194)
It the integral in Eq. (194) is written as
∮
Γ
f(u)du
u− u0 =
n−1∑
l=0
hlIl, (195)
it can be checked that
n−1∑
l=0
Il = 0. (196)
If f(u) can be expanded as written in Eq. (173) on Γ and on a surface spanning Γ, then
from Eqs. (186) and (192) it also results that
∮
Γ
f(u)du
(u− u0)n+1 =
2π
n!
f (n)(u0)
[(n−1)/2]∑
k=1
e˜k int(u0ξkηk ,Γξkηk), (197)
where the fact has been used that the derivative f (n)(u0) is related to the expansion coefficient
in Eq. (173) according to Eq. (177).
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If a function f(u) is expanded in positive and negative powers of u − ul, where ul are
n-complex constants, l being an index, the integral of f on a closed loop Γ is determined by
the terms in the expansion of f which are of the form rl/(u− ul),
f(u) = · · · +
∑
l
rl
u− ul + · · · . (198)
Then the integral of f on a closed loop Γ is
∮
Γ
f(u)du = 2π
∑
l
[(n−1)/2]∑
k=1
e˜k int(ulξkηk ,Γξkηk)rl. (199)
10 Factorization of polar n-complex polynomials
A polynomial of degree m of the n-complex variable u has the form
Pm(u) = u
m + a1u
m−1 + · · ·+ am−1u+ am, (200)
where al, for l = 1, ...,m, are in general n-complex constants. If al =
∑n−1
p=0 hpalp, and with
the notations of Eqs. (161)-(164) applied for l = 1, · · · ,m, the polynomial Pm(u) can be
written, for even n, as
Pm = e+
(
vm+ +
m∑
l=1
Al+v
m−l
+
)
+ e−
(
vm− +
m∑
l=1
Al−v
m−l
−
)
+
n/2−1∑
k=1
[
(ekvk + e˜kv˜k)
m +
m∑
l=1
(ekAlk + e˜kA˜lk)(ekvk + e˜kv˜k)
m−l
]
, (201)
where the constants Al+, Al−, Alk, A˜lk are real numbers. For odd n the expression of the
polynomial is
Pm = e+
(
vm+ +
m∑
l=1
Al+v
m−l
+
)
+
(n−1)/2∑
k=1
[
(ekvk + e˜kv˜k)
m +
m∑
l=1
(ekAlk + e˜kA˜lk)(ekvk + e˜kv˜k)
m−l
]
. (202)
The polynomials of degree m in ekvk+ e˜kv˜k in Eqs. (201) and (202) can always be written
as a product of linear factors of the form ek(vk − vkp) + e˜k(v˜k − v˜kp), where the constants
vkp, v˜kp are real. The polynomials of degree m with real coefficients in Eqs. (201) and (202)
which are multiplied by e+ and e− can be written as a product of linear or quadratic factors
with real coefficients, or as a product of linear factors which, if imaginary, appear always in
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complex conjugate pairs. Using the latter form for the simplicity of notations, the polynomial
Pm can be written, for even n, as
Pm = e+
m∏
p=1
(v+−vp+)+e−
m∏
p=1
(v−−vp−)+
n/2−1∑
k=1
m∏
p=1
{ek(vk − vkp) + e˜k(v˜k − v˜kp)} , (203)
where the quantities vp+ appear always in complex conjugate pairs, and the quantities v˜p−
appear always in complex conjugate pairs. For odd n the polynomial can be written as
Pm = e+
m∏
p=1
(v+ − vp+) +
(n−1)/2∑
k=1
m∏
p=1
{ek(vk − vkp) + e˜k(v˜k − v˜kp)} , (204)
where the quantities vp+ appear always in complex conjugate pairs. Due to the relations
(84),(85), the polynomial Pm(u) can be written, for even n, as a product of factors of the
form
Pm(u) =
m∏
p=1

e+(v+ − vp+) + e−(v− − vp−) +
n/2−1∑
k=1
{ek(vk − vkp) + e˜k(v˜k − v˜kp)}

 .
(205)
For odd n, the polynomial Pm(u) can be written as the product
Pm(u) =
m∏
p=1

e+(v+ − vp+) +
(n−1)/2∑
k=1
{ek(vk − vkp) + e˜k(v˜k − v˜kp)}

 . (206)
These relations can be written with the aid of Eqs. (87) and (88) as
Pm(u) =
m∏
p=1
(u− up), (207)
where, for even n,
up = e+vp+ + e−vp− +
n/2−1∑
k=1
(ekvkp + e˜kv˜kp) , (208)
and for odd n
up = e+vp+ +
(n−1)/2∑
k=1
(ekvkp + e˜kv˜kp) , (209)
for p = 1, ...,m. The roots vp+, the roots vp− and, for a given k, the roots ekvk1 +
e˜kv˜k1, ..., ekvkm + e˜kv˜km defined in Eqs. (203) or (204) may be ordered arbitrarily. This
means that Eqs. (208) or (209) give sets of m roots u1, ..., um of the polynomial Pm(u),
corresponding to the various ways in which the roots vp+, vp−, ekvkp + e˜kv˜kp are ordered
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according to p in each group. Thus, while the n-complex components in Eq. (202) taken
separately have unique factorizations, the polynomial Pm(u) can be written in many different
ways as a product of linear factors.
If P (u) = u2 − 1, the degree is m = 2, the coefficients of the polynomial are a1 = 0, a2 =
−1, the n-complex components of a2 are a20 = −1, a21 = 0, ..., a2,n−1 = 0, the components
A2+, A2−, A2k, A˜2k calculated according to Eqs. (161)-(164) are A2+ = −1, A2− = −1, A2k =
−1, A˜2k = 0, k = 1, ..., [(n − 1)/2]. The expression of P (u) for even n, Eq. (201), is e+(v2+ −
1)+ e−(v2−−1)+
∑n/2−1
k=1 {(ekvk+ e˜kv˜k)2− ek}, and Eq. (203) has the form u2−1 = e+(v++
1)(v+−1)+e−(v−+1)(v−−1)+
∑n/2−1
k=1 {ek(vk + 1) + e˜kv˜k} {ek(vk − 1) + e˜kv˜k}. For odd n,
the expression of P (u), Eq. (202), is e+(v
2
+−1)+
∑(n−1)/2
k=1 {(ekvk+e˜kv˜k)2−ek}, and Eq. (204)
has the form u2−1 = e+(v++1)(v+−1)+
∑(n−1)/2
k=1 {ek(vk + 1) + e˜kv˜k} {ek(vk − 1) + e˜kv˜k}.
The factorization in Eq. (207) is u2 − 1 = (u − u1)(u − u2), where for even n, u1 =
±e+ ± e− ± e1 ± e2 ± · · · ± en/2−1, u2 = −u1, so that there are 2n/2 independent sets of
roots u1, u2 of u
2 − 1. It can be checked that (±e+ ± e− ± e1 ± e2 ± · · · ± en/2−1)2 =
e++e−+e1+e2+ · · ·+en/2−1 = 1. For odd n, u1 = ±e+±e1±e2±· · ·±e(n−1)/2, u2 = −u1,
so that there are 2(n−1)/2 independent sets of roots u1, u2 of u2 − 1. It can be checked that
(±e+ ± e1 ± e2 ± · · · ± e(n−1)/2)2 = e+ + e1 + e2 + · · ·+ e(n−1)/2 = 1.
11 Representation of polar n-complex numbers by
irreducible matrices
If the unitary matrix written in Eq. (21), for even n, is called Te, and the unitary matrix
written in Eq. (22), for odd n, is called To, it can be shown that, for even n, the matrix
TeUT
−1
e has the form
TeUT
−1
e =


v+ 0 0 · · · 0
0 v− 0 · · · 0
0 0 V1 · · · 0
...
...
... · · · ...
0 0 0 · · · Vn/2−1


(210)
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and, for odd n, the matrix ToUT
−1
o has the form
ToUT
−1
o =


v+ 0 0 · · · 0
0 V1 0 · · · 0
0 0 V2 · · · 0
...
...
... · · · ...
0 0 0 · · · V(n−1)/2


, (211)
where U is the matrix in Eq. (47) used to represent the n-complex number u. In Eqs. (210)
and (211), Vk are the matrices
Vk =

 vk v˜k
−v˜k vk

 , (212)
for k = 1, ..., [(n− 1)/2], where vk, v˜k are the variables introduced in Eqs. (14) and (15), and
the symbols 0 denote, according to the case, the real number zero, or one of the matrices
 0
0

 or

 0 0
0 0

 . (213)
The relations between the variables vk, v˜k for the multiplication of n-complex numbers have
been written in Eq. (44). The matrices TeUT
−1
e and ToUT
−1
o provide an irreducible repre-
sentation [8] of the n-complex numbers u in terms of matrices with real coefficients.
12 Conclusions
The operations of addition and multiplication of the n-complex numbers introduced in this
work have a geometric interpretation based on the amplitude ρ, the modulus d and the
polar, planar and azimuthal angles θ+, θ−, ψk, φk. If x0 + x1 + · · · + xn−1 > 0 and x0 −
x1 + · · · + xn−2 − xn−1 > 0, the n-complex numbers can be written in exponential and
trigonometric forms with the aid of the modulus, amplitude and the angular variables. The
n-complex functions defined by series of powers are analytic, and the partial derivatives of
the components of the n-complex functions are closely related. The integrals of n-complex
functions are independent of path in regions where the functions are regular. The fact that
the exponential form of the n-complex numbers depends on the cyclic variables φk leads to
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the concept of pole and residue for integrals on closed paths. The polynomials of n-complex
variables can be written as products of linear or quadratic factors.
References
[1] G. Birkhoff and S. MacLane, Modern Algebra (Macmillan, New York, Third Edition
1965), p. 222.
[2] B. L. van der Waerden, Modern Algebra (F. Ungar, New York, Third Edition 1950), vol.
II, p. 133.
[3] O. Taussky, Algebra, in Handbook of Physics, edited by E. U. Condon and H. Odishaw
(McGraw-Hill, New York, Second Edition 1958), p. I-22.
[4] D. Kaledin, arXiv:alg-geom/9612016; K. Scheicher, R. F. Tichy, and K.W. Tomantschger,
Anzeiger Abt. II 134, 3 (1997); S. De Leo and P. Rotelli, arXiv:funct-an/9701004,
9703002; M. Verbitsky, arXiv:alg-geom/9703016; S. De Leo, arXiv:physics/9703033; J.
D. E. Grant and I. A. B. Strachan, arXiv:solv-int/9808019; D. M. J. Calderbank and P.
Tod, arXiv:math.DG/9911121; L. Ornea and P. Piccinni, arXiv:math.DG/0001066.
[5] S. Olariu, Exponential forms and path integrals for complex numbers in n dimensions,
arXiv:math.OA/0007180.
[6] S. Olariu, Hyperbolic complex numbers in two dimensions, arXiv:math.CV/0008119;
Complex numbers in three dimensions, arXiv:math.CV/0008120;
Commutative complex numbers in four dimensions, arXiv:math.CV/0008121;
Complex numbers in 5 dimensions, arXiv:math.CV/0008122;
Complex numbers in 6 dimensions, arXiv:math.CV/0008123;
Polar complex numbers in n dimensions, arXiv:math.CV/0008124;
Planar complex numbers in even n dimensions, arXiv:math.CV/0008125.
[7] E. T. Whittaker and G. N. Watson A Course of Modern Analysis, (Cambridge University
Press, Fourth Edition 1958), p. 83.
[8] E. Wigner, Group Theory (Academic Press, New York, 1959), p. 73.
37
FIGURE CAPTIONS
Fig. 1. Representation of the hypercomplex bases 1, h1, ..., hn−1 by points on a circle at
the angles αk = 2πk/n. The product hjhk will be represented by the point of the circle at
the angle 2π(j + k)/n, i, k = 0, 1, ..., n − 1. If 2π ≤ 2π(j + k)/n ≤ 4π, the point represents
the basis hl of angle αl = 2π(j + k)/n− 2π.
Fig. 2. Radial distance ρk and azimuthal angle φk in the plane of the axes vk, v˜k, and
planar angle ψk−1 between the line OA1k and the 2-dimensional plane defined by the axes
vk, v˜k. Ak is the projection of the point A on the plane of the axes vk, v˜k, and A1k is the
projection of the point A on the 4-dimensional space defined by the axes v1, v˜1, vk, v˜k. The
polar angle θ+ is the angle between the line OA1+ and the axis v+, where A1+ is the pro-
jection of the point A on the 3-dimensional space generated by the axes v1, v˜1, v+. In an
even number of dimensions n there is also a polar angle θ−, which is the angle between the
line OA1− and the axis v−, where A1− is the projection of the point A on the 3-dimensional
space generated by the axes v1, v˜1, v−.
Fig. 3. Integration path Γ and pole u0, and their projections Γξkηk and u0ξkηk on the
plane ξkηk.
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